Just-in-Time Training
Workshop Term 1 2017

Participant’s Manual
Grade 10-11
Mathematics

Compiled by Casme for PILO

SACE (PR 10541)

1

Table of Contents
UNIT 1.

NUMBER PATTERNS-GRADE 10 ....................................................................................................... 3

1.1
OBJECTIVES- ADOPTED AS PER CAPS POLICY .................................................................................................... 3
1.2
INTRODUCTION .......................................................................................................................................... 3
Linear sequence ............................................................................................................................................. 3
UNIT 2.

QUADRATIC SEQUENCE-GRADE 11 .................................................................................................. 7

2.1
OBJECTIVES- ADOPTED AS PER CAPS POLICY .................................................................................................... 7
2.2
INTRODUCTION .......................................................................................................................................... 7
Quadratic sequence ....................................................................................................................................... 8
UNIT 3.

ANALYTICAL GEOMETRY-GRADE 10 .............................................................................................. 11

3.1
3.2
3.3
3.4
3.5

OBJECTIVES- ADOPTED AS PER CAPS POLICY .................................................................................................. 11
INTRODUCTION ........................................................................................................................................ 11
DISTANCE BETWEEN TWO POINTS ............................................................................................................... 14
MIDPOINT OF A LINE SEGMENT ................................................................................................................... 15
CONDITIONS FOR PARALLEL AND PERPENDICULAR LINES ................................................................................... 17

UNIT 4.

ANALYTICAL GEOMETRY-GRADE 11 .............................................................................................. 22

4.1
OBJECTIVES- ADOPTED AS PER CAPS POLICY .................................................................................................. 22
4.2
THE EQUATION OF A STRAIGHT LINE THROUGH TWO POINTS .............................................................................. 22
4.3
THE ANGLE OF INCLINATION OF A STRAIGHT LINE............................................................................................. 24
4.3.1 Relationship between the angle of inclination and the slope ......................................................... 25
4.4
THE EQUATION OF A LINE THROUGH A POINT AND PARALLEL TO A GIVEN LINE ....................................................... 26
4.5
THE EQUATION OF A LINE THROUGH A POINT AND PERPENDICULAR TO A GIVEN LINE .............................................. 28
REFERENCES................................................................................................................................................... 30

Compiled by Casme for PILO

SACE (PR 10541)

2

Unit 1. Number patterns-Grade 10
1.1

Objectives- adopted as per CAPS policy

After you have completed this unit you should be able to:


1.2

Investigate number patterns leading to those where there is constant difference
between consecutive terms, and the general term is therefore linear.

Introduction

In mathematics, a sequence is an ordered list of objects. Like a set, it contains members (also
called elements or terms). The number of ordered elements (possibly infinite) is called the
length of the sequence. There are different types of sequences, namely, linear, quadratic,
geometric, etc. In this module we will only focus on linear sequence.
Linear sequence
Suppose we have n possibly overlapping squares that share exactly one vertex (corner); in
other words, there is one point that is a vertex of each of the squares, but no other point is a
vertex of more than one square. Figure 1.1 shows one way to draw five such squares (in this
case n = 6, where n represents number of squares). How many vertices do the squares have
in all?

Figure 1.1 : Overlapping squares
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We begin by drawing some examples, counting the number of vertices, and constructing the
following table. We are using the notation 𝑇𝑛 for the total number of vertices of n squares to
emphasize that the number of vertices is a function of n, though we don’t know a formula for
the function yet.
n:

1

2

3

4

5

6

𝑇𝑛 :

4

7

10

13

16

19

We would like to find a formula for 𝑇𝑛 in terms of n. In this case the pattern is fairly easy to
see: each value of 𝑇𝑛 is 3 more than the previous value. We can see this if we look at the
differences between successive numbers in the sequence, writing these differences in a row
beneath the 𝑇𝑛 row.
𝑛:

1

2

3

4

5

6

𝑇𝑛 :

4

7

10

13

16

19

3

3

3

3

3

If we plot the points in our table, with n on the horizontal axis and 𝑇𝑛 on the vertical axis, we
see that the points lie on a straight line. This leads us to guess that the function 𝑇𝑛 can be
described by a linear function.

Figure 1.2 a graph of Tn vs number of vertices

This line has a slope of 3 (the same 3 that is the common difference we saw above), so the
equation of the line is 𝑇𝑛 = 3𝑛 + 𝑏 for some value of b. One way to find the value of b is to
know that it represents the y-intercept of the line; from our plot above, we see that b = 1.

Compiled by Casme for PILO

SACE (PR 10541)

4

Alternatively, we can choose a value of n that we know and the corresponding value of f(n),
plug them into the incomplete formula 𝑇𝑛 = 3𝑛 + b, and solve for the value of b. Let’s
use n = 1 and 𝑇𝑛 = 4. We get the equation
4 = ( 3 × 1) + 𝑏,
from which it is clear that b must be 1.
So our guess for the formula of 𝑇𝑛 is
𝑇𝑛 = 3𝑛 + 1.
Alternatively, we can find the value of the constant (b) by realising that it is equivalent to the
zeroth term. Since the constant difference is 3 and we know the first term, it is possible to
evaluate the zeroth term by subtracting 3 from the first term. NB. We subtracting 3 because
want to determine the previous term.
𝑇𝑒𝑟𝑚 1 = 4
𝑇𝑒𝑟𝑚 0 = 4 − 3
∴ 𝑇𝑒𝑟𝑚 0 = 1
Let’s check this formula with the data we know. When n = 5, for example, we know
that 𝑇𝑛 = 16 (from our experimentation). And our formula says
𝑇5 = ( 3 × 5) + 1 = 16,
which seems to check out. You can check the other points from our table; they should agree
with the values given by our formula.
Activity 1

Duration: 20 min

1.1 Consider the following sequence of Es:

1.1.1 How many blocks will be needed to build the 10th E?
1.1.2 How many blocks will be needed for the nth E?
1.1.3 116 blocks are needed for the nth E. Calculate the value of n.
1.1.4 Can the total number of blocks ever be a multiple of 10? Explain.
1.2 This pattern shows the number of matches needed to make a pattern of triangles
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1.2.1 Draw the next pattern
1.2.2 Copy and complete the following table

Number of triangles (T)
Number of matches (M)

1

2

3

4

5

10

1.2.3 Construct a formula to find the number of matches needed for any number of triangles
1.2.4 If a pattern had 35 triangles, how many matches would be needed?
1.2.5 If a pattern had 60 triangles, how many matches would be needed?

1.3 Given the linear pattern: 200 ; 182 ; 164 ; 146 ; …
1.3.1 Write down the 5th term of this pattern
1.3.2 Determine a general formula for the nth term of this pattern
1.3.3 Which term of this linear number pattern is the first to be negative?
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Unit 2. Quadratic sequence-Grade 11
2.1

Objectives- adopted as per CAPS policy

By the end of this unit participants should be able to:


2.2

Investigate number patterns leading to those where there is a constant second
difference between consecutive terms, and the general term is therefore quadratic.

Introduction

A sequence is a set of numbers that are connected in some way. In this section we will look
at quadratic sequences where the second difference between the terms is constant.

Activity 2: Investigation: Quadratic sequences

Duration: 15 min

Study the pattern shown below and answer the questions follow.

If the sequence continues consistently, draw the next two patterns.
Complete the table below:
pattern number

1

2

3

Number of squares

2

5

10

4

5

6

first difference
second difference
2.1
2.2
2.3
2.4
2.5
2.6

What do you notice about the change in the number of squares?
Describe the pattern in words: “The number of squares...”.
Write the general term: 𝑇𝑛 = ⋯
Give the mathematical name for this kind of pattern.
A pattern has 145 squares. Determine the value of n.
A pattern is at position 31. Determine the number of squares that make up the pattern.
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Quadratic sequence
If the sequence is quadratic, the nth (𝑇𝑛 ) term is of the form 𝑇𝑛 = 𝑎𝑛2 + 𝑏𝑛 + 𝑐

In each case, the second difference is a 2𝑎.
You should have noticed that in order to determine the nth term of a quadratic sequence you
need to determine the value of 𝑎, 𝑏 𝑎𝑛𝑑 𝑐 𝑖𝑛 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑇𝑛 = 𝑎𝑛2 + 𝑏𝑛 + 𝑐.



The value of 𝒂 can be calculated as follows:
2𝑎 = 2𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒
2𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒
∴𝑎=
2



The value of 𝑏 can be calculated as follow:
3𝑎 + 𝑏 = 𝑇2 − 𝑇1
∴ 𝑏 = (𝑇2 − 𝑇1 ) − 3𝑎



The value of 𝑐 can be calculated as follows:
𝑎 + 𝑏 + 𝑐 = 𝑇1
∴ 𝑐 = 𝑇1 − 𝑎 − 𝑏
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Example
Determine the nth term of the following sequence: -3, 6, 19, 36, 57
Step 1: Determine the first and the second difference

Step 2: Determine the value of 𝑎, 𝑏 𝑎𝑛𝑑 𝑐
Calculation for the value of

𝒂

2𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒
2
4
𝑎=
2
𝑎=

Calculations for the value of 𝒃

Calculations for the value of

3𝑎 + 𝑏 = 𝑇2 − 𝑇1

𝑎 + 𝑏 + 𝑐 = 𝑇1

𝑏 = (6 − (−3)) − 3(2)

2 + 3 + 𝑐 = −3

∴𝑏=3

∴ 𝑐 = −9

𝒄

∴ 𝑎=2
Therefore the nth term is given by: 𝑻𝒏 = 𝟐𝒏𝟐 + 𝟑𝒏 − 𝟗
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Activity 3

3.1

Duration: 20 min

The first three steps of three visual patterns are shown below.

Here are functions that define how many tiles are in step n, in no particular order:
𝑓(𝑛) = 3𝑛2
𝑔(𝑛) = 𝑛2 + 4
ℎ(𝑛) = 𝑛2 − 1
3.1.1 Decide which function defines which pattern.
3.1.2 One of these patterns has a step with 432 tiles in it, one has a step with 195 tiles in
it, and one of these patterns has a step with 404 tiles in it. Decide which is which, find
the step that contains that number of tiles, and explain how you know.
3.2

A given quadratic pattern 𝑇𝑛 = 𝑎𝑛2 + 𝑏𝑛 + 𝑐 has 𝑇2 = 12, 𝑇4 = 20 and a second
difference of -4. Determine the value of the 3rd term of the pattern.
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Activity 4 Investigation: reverse, subtract, reverse, add

Duration: 15 min

Follow the rules used in this example for other three digit numbers:
 Take any three digit number: 378 (say)
 Reverse it: 873
 Take the smaller number from the bigger number: 873 - 378 = 495
 Reverse the difference: 594
 Add this reversed difference to the original difference: 594 + 495 = 1 089
Investigate whether digits could be equal; how many different options there could
be; whether 0 could be used as one or more of the digits…
Any conjecture/s? Attempt to prove it/them.

Unit 3. Analytical geometry-Grade 10
3.1

Objectives- adopted as per CAPS policy

By the end of this unit you should be able to:


Represent geometric figures in a Cartesian co- ordinate system, and derive and apply,
for any two points (x1 ; y1) and (x2 ; y2), a formula for calculating:





3.2

the distance between the two points;
the gradient of the line segment joining the points;
conditions for parallel and perpendicular lines; and
the co-ordinates of the mid-point of the line segment joining the points.

Introduction

Analytic geometry, also known as coordinate geometry, or Cartesian geometry, is the study of
geometry using a coordinate system. Much of the mathematics in this unit will be a review for
most learners. In the (𝑥; 𝑦) coordinate system we normally write the x-axis horizontally, with
positive numbers to the right of the origin, and the y-axis vertically, with positive numbers
above the origin. That is, unless stated otherwise, we take “rightward” to be the positive xdirection and “upward” to be the positive y-direction. In a purely mathematical situation, we
normally choose the same scale for the x- and y-axes. For example, the line joining the origin
to the point (𝑎; 𝑎) makes an angle of 45◦ with the x-axis (and also with the y-axis).
The position of any point on the Cartesian plane is described by using two numbers, (𝑥; 𝑦),
that are called coordinates. The first number, 𝑥, is the horizontal position of the point from the
origin. It is called the x-coordinate (or abscissa). The second number, y, is the vertical position
of the point from the origin. It is called the y-coordinate (or ordinate). Since a specific order
is used to represent the coordinates, they are called ordered pairs. For example, an ordered
pair 𝐴(4; 3) represents a point 4 units to the right of the origin in the direction of the x-axis,
and 3 units above the origin in the direction of the y-axis as shown in Figure 3.1. We use the
word “quadrant” for each of the four regions into which the plane is divided by the axes: the
first quadrant is where points have both coordinates positive, or the “northeast” portion of the
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plot, and the second, third, and fourth quadrants are counted off counterclockwise, so the
second quadrant is the northwest, the third is the southwest, and the fourth is the southeast.

Figure 3.1: Cartesian plane

In applications, often letters other than x and y are used, and often different scales are chosen
in the horizontal and vertical directions. For example, suppose you drop something from a
window, and you want to study how its height above the ground changes from second to
second. It is natural to let the letter t denote the time (the number of seconds since the object
was released) and to let the letter h denote the height. For each t (say, at one-second intervals)
you have a corresponding height h. This information can be tabulated, and then plotted on the
(𝑡; ℎ) coordinate plane, as shown in Figure 3.2.

Figure 3.2: A data plot, height versus time.
Time(s)
Distance (m)
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Suppose we have two points A and B in the (x, y)-plane as shown in Figure 3.3. We often
want to know the change in x-coordinate (also called the “horizontal distance”) in going from
A to B. This is often written ∆x, where the meaning of ∆ (a capital delta in the Greek alphabet)
is “change in”. (Thus, ∆x can be read as “change in x” although it usually is read as “delta x”.
The point is that ∆x denotes a single number, and should not be interpreted as “delta times
x”.) For example, if 𝐴 = (2; 1) and 𝐵 = (3; 3), ∆𝑥 = 3 − 2 = 1. Similarly, the “change in y”
is written ∆y. In our example, ∆𝑦 = 3 − 1 = 2, the difference between the y-coordinates of
the two points. It is the vertical distance you have to move in going from A to B. The general
formulas for the change in x and the change in y between a point (𝑥1 , 𝑦1 ) and a point (𝑥2 , 𝑦2 )
are:
∆𝒙 = 𝒙𝟐 − 𝒙𝟏
∆𝒚 = 𝒚𝟐 − 𝒚𝟏

Figure 3.3 change in x-coordinate and y-coordinate
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3.3

Distance between Two Points

Given two points (𝑥1 , 𝑦1 ) and (𝑥2 , 𝑦2 ), recall that their horizontal distance from one another is
∆𝑥 = 𝑥2 − 𝑥1 and their vertical distance from one another is ∆𝑦 = 𝑦2 − 𝑦1 . (Actually, the word
“distance” normally denotes “positive distance”. ∆𝑥 and ∆𝑦 are signed distances, but this is
clear from context.) The actual (positive) distance from one point to the other is the length of
the hypotenuse of a right triangle with legs ∆𝑥 and ∆𝑦, as shown in Figure 3.4. The
Pythagorean theorem then says that the distance between the two points is the square root of
the sum of the squares of the horizontal and vertical sides:
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = √(𝑥2 − 𝑥1 )2 + (𝑦2 − 𝑦1 )2 = √(∆𝑥)2 + (∆𝑦)2

Figure 3.4: distance between two points

Activity 5

Duration: 5 min

5.1 C is the point (1 ; –2). The point D lies in the second quadrant and has coordinates
(x ; 5). If the length of CD is units, calculate the value of x.
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3.4

Midpoint of a line segment

Activity 6: Investigation: Finding the mid-point of a line

Duration: 15 min

On graph paper, accurately plot the points A(4;2) and B(−4;4) and draw the line AB.
6.1
6.2
6.3
6.4

Fold the piece of paper so that point A is exactly on top of point B.
Where the folded line intersects with line AB, label point M.
Count the blocks and find the exact position of M.
Write down the coordinates of M.

A point halfway between the endpoints of a line segment is called the midpoint.
A midpoint divides a line segment into two equal segments. By definition, a midpoint of a
line segment is the point on that line segment that divides the segment two congruent
segments. The formula for calculating a midpoint between two points, (e.g. A and B) is given
by:
𝑥𝐴 + 𝑥𝐵 𝑦𝐴 + 𝑦𝐵
𝑀𝐴𝐵 = (
;
)
2
2
as shown in Figure 3.5.
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Figure 3.5: midpoint between point A and B

Activity 7

7.1

Duration: 5 min

Triangle ABC has coordinates A (3, 9), B (5,1) and C (9, 5). D is the midpoint of AB
and E is the midpoint of AC. Determine the coordinates of D and E.
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3.5

Conditions for parallel and perpendicular lines

Activity 8 :Investigation-parallel lines

Duration: 30 min

Instructions: Graph the points and use a ruler to draw the line the passes through them.
Use designated colour to draw each line
Given lines and their
points
Blue
(−3; 2)
(0; 4)
A:
(0; 1)
(−5; 3)
Purple
(−5; −1)
(5; −5)
B:
(3;
0)
(−6;
−6)
Orange
(1; 1)
(2; −2)
C: (−2; 4)
(0; −2)

2

The equation of line A is 𝑦 = − 5 𝑥 + 1
2

The equation of line B is 𝑦 = 3 𝑥 − 2
The equation of line c is 𝑦 = −3𝑥 − 2
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Instructions: Use the points given to write the equation of each line in the form 𝑦 = 𝑚𝑥 + 𝑐

Blue line

Purple line

Orange line

Instructions: Use your graphs to help answer the following questions.
1. Which colour line is parallel to line A?_________________
What are the equations of these 2 lines?
2. Which coloured line is parallel to line B?______________
What are the equations of these 2 lines?
3. Which coloured line is parallel to line C?______________
What are the equations of these 2 lines?
Instructions: Use the equations of each pair of parallel lines to answer the following
questions.
4. What do you notice about the slopes in each pair of equations?
5. What do you notice about the y-intercept in each pair of equations?
6. What general statement can you make about the equations of parallel lines in relation to
𝑦 = 𝑚𝑥 + 𝑐 . Comment about 𝑚 𝑎𝑛𝑑 𝑐.
Activity: Answer the following questions using the knowledge you gained from your
investigation
1. Are 𝑦 = 3𝑥 + 7 and 𝑦 = 3𝑥 − 8 parallel to each other? Explain
3

2. Are 3𝑦 = 2𝑥 − 6 and 𝑦 = − 2 𝑥 + 1 parrallel to each other? Explain
1

3. Name 3 any other lines that are parallel to 𝑦 = 2 𝑥 − 2
4. Name 3 any other lines that are not parallel to 𝑦 = −𝑥 − 2
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Activity 9 :Investigation-perpendicular lines
Duration: 30 min
Instructions: Graph the points and use a ruler to draw the line the passes through them. Use
designated colour to draw each line

Red
Brown
Green

(0; 2)
(−3; 6)
(4; 0)

(2; −1)
(−6; 5)
(6; 5)

Given
points
A:
B:
C:

lines

(0; 1)
(3; 0)
(−2; 4)

and

their

(−5; 3)
(−6; −6)
(0; −2)

2

The equation of line A is 𝑦 = − 5 𝑥 + 1
2

The equation of line B is 𝑦 = 3 𝑥 − 2
The equation of line c is 𝑦 = −3𝑥 − 2
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Instructions: Use the points given to write the equation of each line in the form 𝑦 = 𝑚𝑥 + 𝑐

Red line

Brown line

Green line

Instructions: Use your graphs to help answer the following questions.
1. Which colour line is perpendicular to line A?_________________
What are the equations of these 2 lines?
2. Which coloured line is perpendicular to line B?______________
What are the equations of these 2 lines?
3. Which coloured line is perpendicular to line C?______________
What are the equations of these 2 lines?
Instructions: Use the equations of each pair of parallel lines to answer the following
questions.
4. What do you notice about the slopes in each pair of equations?
5. What do you notice about the y-intercept in each pair of equations?
6. What general statement can you make about the equations of perpendicular lines in
relation to
𝑦 = 𝑚𝑥 + 𝑐
Activity: Answer the following questions using the knowledge you gained from your
investigation
1. Are 𝑦 = 3𝑥 + 7 and 𝑦 = 3𝑥 − 8 perpendicular to each other? Explain
3

2. Are 3𝑦 = 2𝑥 − 6 and 𝑦 = − 2 𝑥 + 1 perpendicular to each other? Explain
1
2

3. Name 3 any other lines that are perpendicular to 𝑦 = 𝑥 − 2
4. Name 3 any other lines that are not perpendicular to 𝑦 = −𝑥 − 2
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Activity 10

Duration: 25 min

On the grid provided, plot points F(1;1) and G(6;1).

10.1 What is the length of FG?
10.2 Plot point E so that FE is the same length as FG and the coordinates of E are

integers, but FE is not parallel to the y-axis. What are the coordinates of E? Explain
the method you used to plot E.
10.3 Plot point H so that EFGH is a rhombus. What are the coordinates of H.
10.4 Which property of a rhombus did you use to draw EFGH?
10.5 Draw the diagonals FH and GE. Using coordinate geometry, prove that the
diagonals bisect each other.
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Unit 4. Analytical geometry-Grade 11
4.1

Objectives- adopted as per CAPS policy

After you have completed this unit you should be able to derive and apply:




4.2

the equation of a straight line given two points through which it passes
the inclination of a line formula
the equation of a line through a point and parallel or perpendicular to another line.

The equation of a straight line through two points

One of the many geometric facts that you may have come across in your studies is that "one
and only one straight line can be drawn through two different points." What this tells us in
simple language is that if we are given two different points on a line, we can reconstruct the
line in the Cartesian plane by simply lining a ruler up with the two points as illustrated in Figure
4.1.

Figure 4.1 straight line constructed by by joining point A and B.

What insures the straightness of a line is its gradient. The gradient of the line has to be
constant irrespective of the points on the line that are chosen to calculate it.
Let us consider a line in the Cartesian plane, along with two points 𝐴(𝑥1 ; 𝑦1 ) and 𝐵(𝑥2 ; 𝑦2 ) on
the line.
The gradient (m) of the line passing through the points A and B is given by:
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𝑚𝐴𝐵 =

𝑦2 − 𝑦1
𝑥2 − 𝑥1

Substituting in 𝑦 − 𝑦1 = 𝑚𝐴𝐵 (𝑥 − 𝑥1 ) we get
𝑦 − 𝑦1 =

𝑦2 − 𝑦1
(𝑥 − 𝑥1 )
𝑥2 − 𝑥1

Example 4.1
Write the equation of the straight line passing through the points (2; 1) and (−3; 2).
Solution:
Let (𝑥1 ; 𝑦1 ) = (2; 1) and (𝑥2 ; 𝑦2 ) = (−3; 2)

OR

Calculations for gradient (grade 10 and 11)

Use 𝑦 = 𝑚𝑥 + 𝑐 and calculate the value of 𝑐
As follows:

𝑚=

𝑦2 − 𝑦1
𝑥2 − 𝑥1

𝑦 = 𝑚𝑥 + 𝑐
Substitute any point that lie on the line.

2−1
𝑚=
−3 − 2
1
∴𝑚=−
5
Calculations for the equation of a straight
line
Now

substitute

𝑚=−

1
5

in

the

1
1 = − (2) + 𝑐
5
7
∴𝑐=
5
1
7
∴𝑦=− 𝑥+
5
5

linear

equation.
𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1 )
1
𝑦 − 1 = − (𝑥 − 2)
5
1
7
𝑦=− 𝑥+
5
5

Compiled by Casme for PILO

SACE (PR 10541)

23

Activity 11
Duration: 30 min
11.1 Determine the equation of the straight line passing through the points
(a) (5; 4) and (1; 0)

(b) (1; 3) and (2,6)

(c) (0; 3) and (2; −3)

11.2 Write the equation of the straight line in each case.
(a)
(b)

11.3. Calculate a number p such that the point
11.3.1 (𝑝; −11) is on the line passing through the points (1; 1) and (5; 13).
11.3.2 (𝑝; 2𝑝) is on the line passing through the points (4; −6) and (6; −14).
𝑝
11.3.3 (𝑝; 2) is on the line passing through the points (0;-6) and (-1;-13)

4.3

The angle of inclination of a straight line

When we draw any non-horizontal straight line in the Cartesian plane it intersects with the xaxis at a certain angle. We use the x-axis as our point of reference in defining the angle of
inclination of a line. We define the angle of inclination of a non-horizontal to be the positive
angle 𝜃 that the line or the part of the line makes with the x– axis. The angle is measured from
the positive x-axis in an anti-clockwise direction.
It is common practice to use Greek symbols such as 𝜃, 𝛼, 𝑎𝑛𝑑 𝛽 represent the angle of
inclination. The value of measured angle is by convention always given as a positive angle
between 0° and 180°.
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4.3.1 Relationship between the angle of inclination and the slope
Consider a straight AB shown on Figure 4.2. The coordinates of 𝐴(𝑥𝐴 ; 𝑦𝐴 ) and 𝐵(𝑥𝐵 ; 𝑦𝐵 ) are
also represented on the diagram. The horizontal distance is given by ∆𝑥 = 𝑥𝐵 − 𝑥𝐴 and vertical
distance is given by ∆𝑦 = 𝑦𝐵 − 𝑦𝑐 . Horizontal distance is parallel to the x-axis making the two
angles shown in the diagram congruent because they are corresponding. Using trigonometric
ratios,
𝑡𝑎𝑛𝜃 =
But

𝑦𝐵 −𝑦𝐴
𝑥𝐵 −𝑥𝐴

𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑦𝐵 − 𝑦𝐴
=
𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑥𝐵 − 𝑥𝐴

= 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑙𝑖𝑛𝑒 𝐴𝐵 (𝑚𝐴𝐵 )

But
∴ 𝑡𝑎𝑛𝜃 = 𝑚𝐴𝐵

Figure 4.2 relationship between angle of inclination and slope.
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Example 4.2
Calculate the angle of inclination for a straight line through the given points
(1; 1)𝑎𝑛𝑑 (−5; −5).
Solution:
𝑚=

−5 − 1
=1
−5 − 1

∴ 𝑡𝑎𝑛𝜃 = 1
∴ 𝜃 = tan−1 (1)
∴ 𝜃 = 45°

4.4

The equation of a line through a point and parallel to a given line

Before we discuss how to determine the equation of a line through a point and parallel to a
given line, let us recall some useful facts regarding parallel lines that we established in the
previous grades:




If two non-vertical lines are parallel, then their gradients are equal.
Conversely, if two non-vertical lines have equal gradients then they can be said to be
parallel to each other.
We can also say that two lines that are parallel to each other are equally inclined to
the x-axis as shown in figure 4.3.
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Figure 4.3 properties of parallel lines

Example 4.3
What is the equation of a straight line which passes through the point (4; 3) and is parallel
5

to the line 𝑦 = − 4 𝑥 + 2.
Solution
The straight line through the point (4; 3) will have the same gradient as that of the line
5
4

𝑦 = − 𝑥 + 2 because they are parallel. That is to say the gradient of both lines is 𝑚 = −

5
4

What this means is that for the line whose equation we are to determine we know:
5

1. the gradient = − 4
2. the point through which it passes (4; 3)
So to determine the equation of the line we can use the slope-point form:
𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1 )
5
𝑦 − 3 = − (𝑥 − 4)
4
5
𝑦 =− 𝑥+5+3
4
5
∴ 𝑦 = − 𝑥+8
4
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Activity 12

Duration: 15 min

12.1. Calculate a number k such that the line passing through the points
12.1.1 (-3; k) and (2;-5) is parallel to the line passing through the points (3;6) and (-2;4).
12.1.2 (1;0) and (k;3) is parallel to the line passing through the points (3;0) and (0;-3)
1

3 7

12.1.3 (2 ; 𝑘)and (4 ; 4) is parallel to the line 𝑦 = 𝑥 − 1.
12.2. What should be the co-ordinates of the point B so that quadrilateral ABCD is a
parallelogram? If 𝐴(1; 1), 𝐵(𝑥; 𝑦), 𝐶(−7; 6)𝑎𝑛𝑑 𝐷(−5; 5).

4.5

The equation of a line through a point and perpendicular to a given line

Figure 4.4 shows two non-vertical perpendicular lines drawn in the Cartesian plane with
gradients 𝑚1 and 𝑚2 , respectively.

Figure 4.4 properties of perpendicular lines

In the previous grades you learned that:


two lines are perpendicular to each other if they intersect at 90°.

In order to determine the equation of a line through a point and perpendicular to another line
we will use the following theorem:
Two non-vertical lines are perpendicular if and only if the product of their gradients is -1.
𝑚1 × 𝑚2 = −1
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Now consider the example given below:
Example 4.4
Show that the lines in the Cartesian plane given by the following equations are perpendicular
𝑥

to each other: 𝑦 = 3𝑥 − 5 and 𝑦 = − 3 + 7 .
Solution:
1

The gradients of the two lines are 𝑚1 = 3 and 𝑚2 = − 3
1
𝑚1 × 𝑚2 = 3 × − = −1
3
𝑥

This means that the lines given by equations 𝑦 = 3𝑥 − 5 and 𝑦 = − + 7 are perpendicular
3
to each other.
Activity 13

Duration: 15 min

13.1 Calculate the value of h such that the line passing through the points (0; 1) and
(8; ℎ) is perpendicular to the line passing through the points (5; −1) and (4; 6).
13.2 (3; 4) and (1; −8) is perpendicular to the line passing through the points (5; 0) and
(ℎ; ℎ).
13.3 (ℎ; 0) and (−2; −5) is perpendicular to the line 𝑦 = 2𝑥 − 7
13.4 (ℎ; −2) and (1; −1) is perpendicular to the line 3𝑦 = −4𝑥 + 3
13.5 A ladder leans against wall at a straight line defined by 𝑦 = 2𝑥 − 4. The ladder touches
the wall at point 𝑃(6; 8) as shown below. Study the diagram and answer the questions
that follow.

13.2.1 Determine the length of the ladder.
13.2.2 How far does the ladder reach up the wall?
13.2.3 Calculate the ladder's inclination with the floor.
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